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This paper is devoted to the GinzburgLandau equation 28+*(1&|8|2) 8=0,
8=u1+iu2 in a bounded domain 0/Rn with the homogeneous Neumann bound-
ary condition. The previous works [1214] showed that for large * there exist
stable non-constant solutions with no zeros in domains, which are topologically
non-trivial in a certain sense. In this aritcle it is proved that for a domain 0 con-
taining a non-trivial domain D as a subset, there exist stable solutions with zeros
provided that the volume of 0"D is sufficiently small.  1996 Academic Press, Inc.
1. Introduction
In the field of superconductivity the GinzburgLandau (GL) equation
has been playing an important role for the understanding of macroscopic
superconducting phenomena. GL equation with non-dimensional form is
written as
28+*(1&|8| 2) 8=0,
where 2 denotes the Laplacian, 8 is a complex valued function
8=u1+iu2 and * is a positive parameter. In the GinzburgLandau theory
8 denotes the (macro) wave function describing a superconducting state
and |8| 2 is the density of superconducting electrons. Therefore |8|=0
corresponds to the normal state and a solution with zeros physically
represents a mixed state of superconducting and normal ones. Then the
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zero of 8 is called a vortex. Hereafter the set of complex values C is iden-
tified with the one of 2-dimensional vectors R2, so the above equation is
also written in real vector form:
2u+*(1&|u| 2) u=0, u=\u1u2+ , |u| 2=u21+u22 .
We, however, often use the complex form for convenience of notations.
In this paper we are concerned with GL equation in a bounded domain
0/Rn (n2) subject to the homogeneous Neumann boundary condition
(N.B.C.), that is,
{
28+*(1&|8| 2) 8=0 in 0,
(1.1)8
&
=0 on 0,
where & denotes the outer normal derivatives on the smooth boundary
0. We remark that Eq. (1.1) is an Euler equation of the following energy
functional (called the GinzburgLandau energy):
E(8) :=
1
2 |0 { |{8| 2+
*
2
(1&|8| 2)2= dx, (1.2)
or the stationary equation of the evolutionary GL equation
{
8
t
=28+*(1&|8| 2) 8 in (0, )_0,
(1.3)8
&
=0 on (0, )_0,
8(0, x)=80(x),
namely a solution to (1.1) is given by an equlibrium solution to Eq. (1.3).
Indeed (1.3) is the gradient equation for the energy functional (1.2) and
equilibrium solutions are only allowed as the asymptotic state as t   of
(1.3) (see [8]). We will take the space of all the continuous functions as
a phase space where the semiflow of (1.3) works.
One easily sees that the functional (1.2) has a family of global minimizers
[8(x)#a : |a|=1] and that those are stable constant equilibrium solu-
tions to (1.3), so we are interested in the existence of stable non-constant
solutions to (1.1) (or non-constant local minimizers of (1.2).) Here ‘‘stable
solutions’’ to (1.1) are meant by stable equilibrium solutions to (1.3) and
‘‘stable’’ is used in the sense of Lyapunov. Remark that given a solution 8
to (1.1) and any real number c, eic8 is also a solution. This implies that
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the solution 8 is not isolated if 8 0, hence a local minimizer of (1.2)
might be not stable. However considering that the energy functional (1.2)
is real analytic, we can apply the result in [16] to our case and obtain that
any local minimizer of (1.2) is stable in the above sense.
First we review some results given in the works [1214] in relevence to
the existence of stable non-constant solutions to (1.1). In the work [12] it
was revealed that any convex domain 0 never admits stable non-constant
solutions to (1.1), that is, the constant solutions, 8#a, |a|=1 are the only
stable solutions in all the convex domains. On the other hand we see from
[1214] that if 0 is topologically ‘‘non-trivial’’ in some sense, there exist
stable non-constant solutions for sufficiently large *, where ‘‘non-trivial’’
means ‘‘not simply connected’’ when n=2 or 3.1 All the stable solutions
found in the above works are not vanishing in the domain, hence it
naturally leads us to a query: is there a stable solution to (1.1) with zeros
(vortices)? This problem is also closely related to the existence of a stable
non-constant solution in a simply connected domain. In fact it is shown
that for any simply connected domain the non-constant solution must have
zeros (see Lemma 2.6).
Dancer [4] first gave a positive answer to this query for a simply
connected domain of Rn (n3) by using a new domain variation theorem.
In this paper we also give stable solutions with zeros in some domains of Rn
(n3) with a different methods from [4]. Among other things we prove
that there exist stable solutions with zeros for not only a simply connected
domain but also a non-trivial domain. Specific examples of the domains are
given in Fig. 1 (simply connected domains) and Fig. 2 (a non-trivial
domain homeomorphic to a solid torus) respectively.
We state a key idea of the main result. Consider a domain 0 having a
non-trivial domain D as a subset. Applying the theorem of [14], we can
construct a stable non-constant solution 8D over D for sufficiently large *.
We fix D and such a * and shrink 0"D in the manner that the volume
vol(0"D) goes to zero. Then to find a solution 8 in 0 (close to 8D in D)
is reduced to a perturbation problem caused by the variation of the
domain. Actually we seek for a local minimizer 8 over 0 such that
inf
c
&8&eic8D&L2(D)
is very small. Since
ED(8) :=
1
2 |D { |{8| 2+
*
2
(1&|8| 2)2= dxE(8)
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Fig. 1. Simply connected domains allowing a stable solution with zeros.
and the continuum C(8D) :=[eic8D : 0c<2?] has a non-degeneracy
condition (see (2.9) in Section 2), we can find a local minimizer 8* close
to C(8D), that is, a stable solution to (1.1). Moreover we estimate the
distance of C(8D) and 8* with C 1-topology in a domain D(=) :=
[x # D : dist(x, 0"D)=] with 0<=R1. By this we can prove the con-
vergence 8*  8D in this topology provided that vol(0"D)  0. As an
Fig. 2. A non-trivial domain allowing a stable solution with zeros.
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application of this result, we can show the existence of stable solutions with
zeros in a simply connected domain as in Fig. 1 also in a non-trivial
domain as in Fig. 2.
Finally we remark on a related research on solutions with zeros (or
vortices) to GL equation. Many authors have been concerned with GL
equation in a two-dimensional (star-shaped or simply connected) domain
with Dirichlet boundary data, say 8(x)=g(x), x # 0. Under the condition
deg(g, 0)=d{0 a global minimizer has a number of zeros (vortices)
corresponding to the degree d and by [3] some beautiful formula to deter-
mine the location of the vortices as *   is obtained for a star-shaped
domain (see also [2 and 5]). In our case, however, as stated above, all of
the global minimizers are given by the constant solutions to (1.1) and any
convex domain does not allow stable solutions (or local minimizers) with
vortices. Therefore we have to make clear what kind of domains admit
stable solutions with vortices. Fortunately by the result [4] and the main
theorems of this article we obtain that for certain three or higher dimen-
sional (non-convex) domains there are stable solutions with vortices for
large *. (The existence of a stable solution with zeros for 2-dimensional
domains is still an open problem.) We note that in the 3-dimensional case
a set of zeros consists of vortex lines or vortex filaments. The structure of
the set of zeros will be in a further study of GL equation with Neumann
boundary condition.
2. Auxiliary Lemmas
Let D be a bounded domain of Rn and let D denote the closure of D.
Throughout the paper we denote the space of continuous functions of a
domain D (resp. D ) into R2 by C 0(D; R2) (resp. C0(D ; R2)) and the space
of square-integrable functions by L2(D; R2). We often abbreviate them as
C(D) (or C(D )) and L2(D) respectively. We also use the Sobolev space
H1(D)=[u # L2(D) : uxj # L2(D), j=1, ..., n].
All of the above spaces have the standard norm, which is written as & }&X
for the space X. Assume that D has C3-boundary D. We shall consider
Eq. (1.3) in real form in D:
{
u
t
=2u+*(1&|u| 2) u in (0,)_D,
(2.1)u
&
=0 on (0,)_D,
u(0,x)=u0(x).
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With u0( } ) # C0(D )=C0(D ; R2) Eq. (2.1) has a global solution u(t, x; u0)
satisfying
&u(t, } ; u0)&C0(D )max[1, &u0&C 0(D )]
and lim sup
t  
&u(t, } ; u0)&C(D )1. (2.2)
The energy functional
ED(u)=
1
2 |D { |{u| 2+
*
2
(1&|u| 2)2= dx (2.3)
is a Lyapunov function of the flow defined by solutions to (2.1). Actually
one can verify
d
dt
ED(u(t, } ))=&|
D
|ut| 2 dx0 and ED(u)0. (2.4)
Now we let u~ =(u~ 1 , u~ 2)T be a solution of GL equation:
2u+*(1&|u| 2) u=0 in D,
u
&
=0 on D. (2.5)
Then the linearized operator around u~ is given by
L[v] :=2v+*(1&|u~ (x)| 2) v&2* \ u~
2
1(x)
u~ 1(x) u~ 2(x)
u~ 1(x) u~ 2(x)
u~ 22(x) + v, (2.6)
and the second variational of ED(u) at u~ is the following:
KD(v) :=
d 2
ds2
ED(u~ +sv)| s=0=&|
D
(L[v], v) dx
=|
D
[ |{v| 2&*(1&|u~ (x)| 2) |v| 2+2*(u~ (x), v)2] dx, (2.7)
where ( } , } ) denotes the usual inner product in R2.
Let [+j]j=1 be eigenvalues of &L arranged in increasing order (with
counting multiplicity) and let [j]j=1 be the corresponding orthonor-
malized eigenfunctions. Note that L is self-adjoint with respect to the inner
product
(u, v)D :=|
D
(u(x), v(x)) dx,
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hence +j are all real. We also remark that zero is always an eigenvalue of
&L with the eigenfunction
0 :=
1
&u~ &L2(D) \
&u~ 2
u~ 1+ ,
because a family of the solutions [u=R(%) u~ : 0%<2?] makes a con-
tinuum of solutions, where
R(%) :=\cos %sin %
&sin %
cos %+ .
We suppose that
0=+1<+2+3 } } } (2.8)
and 1=0 , or equivalently that
KD(v)+2 &v&2L2(D) for v # X1(D) :=[v # H
1(D) : (v, 1) D=0].
(2.9)
It is known that under the condition (2.8) u~ is stable (for instance see
[10]).
We have the next basic lemmas.
Lemma 2.1. Suppose that u~ is a solution to (2.5) satisfying (2.8) or (2.9).
Given ’>0 there exists $1=$1(*, ’)>0 such that
ED(u~ +v)ED(u~ )+
+2
4
&v&2L2(D) (2.10)
holds for any v # X1(D) & C 0(D ) with &v&C 0(D )<2+’, &v&L 2(D)<$1 .
Proof. For simplicity of notations we drop the subscript ‘‘D ’’ in the
proof below if there is no confusion. Since &u~ &C 0(D )1,
E(u~ +v)&E(u~ )=
1
2
K(v)+* | (u~ , v) |v| 2 dx+
*
4 | |v|
4 dx

1
2
K(v)&* &v&3L3 . (2.11)
We estimate the right hand side of this inequality. Define the projections
vp=Pv := :
np
j=2
(v, j) j , vq=Qv :=v&Pv,
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for v # X1 . Using ({vp , {vq)=&(2vp , vq) , we have
K(v)=K(vp)+K(vq)&2 (L[vp], vq)
=K(vp)+K(vq)+2 &vp&2L2++np+1 &vq&
2
L2
and
| |v| 3 dx| |v| |vp| 2 dx+2 | |v| |(vp , vq)| dx+| |v| |vq| 2 dx
&v&L2 &vp&2L4+2(2+’) &vp&L2 &vq&L2+(2+’) &vq&
2
L2
(:2) &v&2L2+(12:) &vp&
4
L4
+(2+’)(; &vp&2L2+(1;) &vq&2L2)+(2+’) &vq&2L2
[:2+(2+’) ; ] &vp&2L2
+[:2+(2+’)(1+1;)] &vq&2L2+(12:) &vp&
4
L4
(:, ;>0). Since vp is in a finite-dimensional subspace PH1(D), there exists
a constant kp>0 such that
&vp&L4kp &vp&L2 .
Thus
1
2K(v)&* &v&
3
L3#p &vp&
2
L2+#q &vq&
2
L2 ,
where
#p=+2 2&*[:2+(2+’) ;+(k4p $
2
12:)],
#q=+np+1 2&*[:2+(2+’)(1+1;)].
Take : and ; so small that there holds
*[:2+(2+’) ; ]<+2 8,
and fix them. Next take np so large that
+np+12&*[:2+(2+’)(1+1;)]>+2 4.
Finally take $1 so small that
*k4p $
2
12:<+2 8.
Then we have
#p &vp&2L2+#q &vq&
2
L2(+2 4)(&vp&
2
L2+&vq&
2
L2)=(+2 4) &v&
2
L2
which yields the desired inequality. K
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Lemma 2.2. Set
C(u~ ) :=[u=R(c) u~ : 0c<2?],
and define
distD[C(u~ ), u] :=inf
c
&R(c) u~ &u&L2(D) .
Then for any u satisfying distD [C(u~ ), u]=$ there exist a number c0 and a
function v # X1 such that
u=R(c0)(u~ +v)
(hence &v&L2(D)=$).
Proof. By the assumption there exist a number c0 and a sequence
[cn]j=1 such that
0cj<2? ( j=0, 1, 2, ...), cn  c0 (n  ),
$= lim
cn  c0
&R(cn) u~ &u&L2(D)=&R(c0) u~ &u&L2(D) .
Put w=u&R(c0) u~ and define k(c) :=&R(c) u~ &u&2L2(D) . Then k(c) is con-
tinuously differentiable in c and it takes a minimum $ at c=c0 , therefore
dk(c0)dc=2 ( (dR(c0)dc) u~ , R(c0) u~ &u)D=&2 (R(c0) R(?2) u~ , w) D=0.
Hence we have (R(c0) 0 , w) D=0. Putting v=R(&c0) w yields the asser-
tion of the lemma. K
Proof. The next lemma immediately follows from the combination of
Lemmas 2.1 and 2.2.
Lemma 2.3. Assume the same conditions as in Lemma 2.1. Then for any
u # H 1(D) & C 0(D ) satisfying &u&C 0(D )<1+’ and distD[C(u~ ), u]=$<$1 ,
ED(u)ED(u~ )+
+2$
4
. (2.12)
We say that D is a non-trivial domain if there exists a continuous map
#: D  S1=[u # R2 : |u|=1] such that # is not homotopic to a constant
map in the space C0(D ; S 1). Finally we introduce the result of Theorem 2.1
and Corollary 5.3 of [14].
Theorem 2.4 (JimboMoritaZhai [14]). Let D be a non-trivial domain.
Then given # # C0(D ; S1) which is not homotopic to a constant map, there
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exist a **>0 and a stable solution u=u~ *(x) to (2.5) for *>** such that
|u~ *(x)|>0 and
.: x # D [ u~ *(x)|u~ *(x)|
is homotopic to #. Moreover the condition (2.9) is satisfied for this u~ * .
Remark 2.5. As stated before, the constant solutions u#a, |a|=1 are
stable and one can easily check that the condition (2.8) is satisfied, hence
(2.9) holds for u~ #a.
Finally we prove the next lemma, by which we assert that any stable
solution without zeros is constant if the domain D allows only one
homotopy class in C 0(D ; S 1).
Lemma 2.6. Suppose that a solution u~ has no zeros in D and that
. :=u~ (x)|u~ (x)|
is homotopic to a constant map. Then u~ (x) must be constant.
Proof. We can easily verify that .(x) satisfies
2.+2({ |u~ (x)| ) } {.|u~ (x)|+[2 |u~ (x)||u~ (x)|+*(1&|u~ (x)| 2)] .=0
and .&=0, which follows from
.&=|u~ | .&+( |u~ |&) .=|u~ | .&+
1
2 |u~ |
 |u~ | 2
&
.
There exists a C 2 function %(x) from D into R such that .(x)=ei%(x), where
R2 is identified with C (see Sect. 3 of [14]). Since . is homotopic to a con-
stant map, there is a x* # D at which %(x) takes a minimum. We can
thereby find a number c1 such that the first component of
.~ =(.~ 1 , .~ 2)T :=R(c1) .
takes zero as a local minimum at x=x*, that is,
.~ 1(x*)=0, {.~ 1(x*)=0 and .~ 1(x)0, xrx*.
However .~ 1 satisfies an elliptic equation in the form
2.~ 1+a(x) } {.~ 1+b(x) .~ 1=0
with N.B.C., which yields .~ 1#0. Hence we have
u~ =(cos c1 , sin c1)T w(x),
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where w(x) satisfies
2w+*(1&w2) w=0 in D, w&=0 on D.
This equation has the constant solutions w#\1 and any other solution
has zeros. Hence we get to the completion of the proof. K
3. Main Theorem
Suppose that 0 has a family of subsets Dj ( j=1, ..., N ) such that
D := .
N
j=1
Dj/0,
(3.1)
Di & Dj =< (i{j),
where each Dj is a domain of Rn with C 3-boundary. We will consider
the case that the volume vol(0"D) (:=n-dimensional Lebesgue measure
of 0"D) takes a small value. The precise condition will be given later.
We note that 0"D may be decomposed into finite disjoint subsets (see
Fig. 1(b)).
For each j we let u~ ( j) be a solution to (2.5) with D=Dj and let
[+k(Dj)]k=1, 2, ... be the eigenvalues of the linearized operator &L in (2.6)
around u~ ( j). We assume
+2(Dj)>0 ( j=1, ..., N ). (3.2)
Define u~ (x) over the region D=Nj=1 Dj by
u~ |Dj=u~
( j) ( j=1, ..., N ). (3.3)
Then with +=min1 jN [+2(Dj)],
KD(v)+ &v&2L2(D) , v # X 1(D),
(3.4)
X 1(D) :=[v # H1(D) : (v, ( j)1 ) Dj=0, 1 jN ],
where KD is as in (2.7) and each  ( j)1 is the eigenfunction to zero eigenvalue
of &L for u~ ( j). Remark that for each Dj there exists at least one stable
solution satisfying the condition (3.2), which might be a constant solution
(see Theorem 2.4 and Remark 2.5). Now we are in a position to present the
main result.
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Theorem 3.1. Let 0/Rn (n2) be a bounded domain with C3-boundary
0. Suppose that 0 has a subdomain D defined in (3.1) and that u~
is a stable solution in D satisfying (3.2) and (3.3). Then there are positive
constants, $ and M=M(*, u~ ) such that if
vol(0"D) } M<
+$
4
, (3.5)
then there exists a stable solution 8*(x)=u1*+iu2* to (1.1) with
:
N
j=1
distDj [C(u~ ), u*]<$ and E0(u*)<ED(u~ )+
+$
4
, (3.6)
where + is as in (3.4) and u*=(u1*, u2*)T. Moreover if Dl is a non-trivial
domain (see footnote 1 in Section 1) for some l and if * is so large that
Eq. (2.5) has a stable non-constant solution u~ (l ) in Dl , then the solution
obtained above is a stable non-constant solution.
Proof. For each domain Dj we have $1=$1(Dj) in Lemma 2.1. Take
$>0 as satisfying $<minj [$1(Dj)] and fix it. Define a bounded subset in
C0(0 ) by
E$={u # H 1(0) & C0(0 ) : &u&C0(D )<1+’,
:
N
j=1
distDj [C(u~ ), u]<$, E0(u)<ED(u~ )+\= , (3.7)
where we put \=+$4. We prove that this set is positively invariant under
the semiflow and it is not empty if vol(0"D) is sufficiently small.
First prove E${<. For each solution u~ ( j) to (2.5) with D=Dj , there is
a C 1-extension u~ ( j)E over R
n. Let / j be a C-function of Rn into R such that
/ j={10
in U ( j)1
in Rn"U ( j)2 ,
where U ( j)1 is an open neighborhood of Dj and U
( j)
2 #U1
( j) is an open set
with U ( j)2 & Di =< (i{j). We define
u~ E (x)= :
N
j=1
u ( j)E (x) /j (x), x # R
n.
Then
u~ E (x)=u~ (x), x # D
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and
E0(u~ E)=ED(u~ )+
1
2 |0"D { |{u~ E | 2+
*
2
(1&|u~ E | 2)2= dx
ED(u~ )+vol(0"D) } M,
where
M := sup
x # 0"D {
1
2
|{u~ E |+
*
4
(1&|u~ E | 2)2= .
Hence if the condition (3.5) is satisfied, E${<.
Next we show the positive invariance under the flow defined by
S(t) u0 :=u(t, } ; u0) for u0 # C0(0 )
where u(t, } ; u0) is a solution of (2.1). For any u0 # E$ , by (2.2),
&S(t) u0&C 0(D )<1+’, t0
and, by (2.4),
E0(S(t) u0)E0(u0)<ED(u~ )+\.
Moreover if there exists the first time t1>0 to realize Nj=1 distDj [C(u~ ),
S(t1) u0]=$, then Lemma 2.3 asserts
ED(S(t1) u0)ED(u~ )+
+$
4
.
This, however, contradicts that
ED(S(t) u0)E0(S(t) u0)<ED(u~ )+\ (\=+$4)
for any t0. Thus S(t) E$/E$ , t>0.
We prove the existence of a stable equilibrium solution in E$ . By the
compactness of the semiflow S(t) and the boundedness of E$ the omega
limit set of E$ ,
|(E$)= ,
t>0
.
{>t
S({) E$
is compact, so there is a function u* # |(E$) minimizing the energy func-
tional E0 over |(E$). We show u* belongs to E$ . First note that |(E$) is
contained in C1(0 ). Next there are sequences [tn] and [vn] such that
un :=S(tn) vn  u* (in C0(0 )) as tn  . The positive invariance of E$
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yields [un]/E$ . Considering these facts we obtain that u* satisfies the
three conditions of (3.7) and it belongs to E$ . By virtue of the nonincrease
of the energy functional along the semiflow it turns out that u* is a mini-
mizer over E$ . This u* is also a local minimizer in the following sense:
E0(u*)E0(u) for u # C 1(0 ) with &u&u*&C 1(0 )<_
for some positive constant _. Since the nonlinear term of GL equation is
real analytic, with a little modification of Corollary 1 of [16], we can apply
it to our case and obtain the following: for any =>0 there are a ‘>0 and
a function w(x) such that for any u0 with &u0&u*&C 0(0 )<‘,
lim
t  
S(t) u0=w and &u*&w&C0(0 )<=.
This implies that u*=(u1*, u2*)T gives a stable solution of (1.1) by 8*=
u1*+iu2*. The last assertion of the theorem immediately follows from
Theorem 2.4. Hence we conclude the proof of the theorem. K
One can find many works on a perturbation problem of solutions to an
elliptic or parabolic equation caused by perturbing the domain. (For
instance see [9, 11, 15].) Along this line we also consider a family of domains
perturbed from the fixed domain D. We let [0(:)]: # 4 , 4 :=(0, :*],
0<:*< with C3-boundary 0(:). Assume the next conditions:
(i) 0(:1)#0(:2)#D for any :1 , :2 # 4 with :1>:2 , where D is
defined in (3.1);
(ii) lim:  0 vol(0(:)"D)=0.
We discuss the convergence of the solution to GL equation
2u+*(1&|u| 2) u=0 in 0(:), u&=0 on 0(:). (3.8)
as :  0. We have
Theorem 3.2. Suppose that u~ is a stable solution to (2.5) enjoying (3.3)
and (3.4) and that for some l, u~ (l ) is a stable non-constant solution in Dl .
Then there exists an :$ # 4 such that for each : # (0, :$) Eq. (3.8) has a stable
non-constant solution u: satisfying
(i) lim:  0 Nj=1 distDj[C(u~ ), u:]=0;
(ii) lim:  0 Nj=1 inf0c<2? &R(c) u~ &u:&C 1(D(!) & Dj ) ,
where D(!) :=[x # D : dist(x, 0(!)"D)!] with an arbitrarily given small
!>0.
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Proof. It is easy to see that the first assertion of the convergence (i)
follows from Theorem 3.1 and the proof of it. We prove the second one. To
carry it out, we need the next proposition.
Proposition 3.3. Let G be a bounded domain of Rn with C3-boundary
G and let 1 be a compact subset of G. Suppose that [w:]: # 4 be a family
of solutions to the (scalar) Poisson’s equation:
2w:=g: in G,
w:
&
=0 on G"1.
where each g: is an L function. For arbitrarily given small =>0, set
G(!) :=[x # G : dist(x, 1 )! ].
If there is a positive constant M1>0 such that
&w:&L(G)M1 , &g:&L(G)M1 (: # 4),
then for any small !>0 and any ; # (0, 1), the family w:(: # 4) is uniformly
bounded in C1+;(G(!)), hence it is relatively compact in C1(G(!)).
This proposition is a variation of the Schauder estimate given in [1] or
[6]. One can easily check it by reading the literature carefully.
Coming back to the proof of the theorem and applying Proposition 3.3
to our case, we obtain that [u: : :<! ] is relatively compact in C 1(D(!))
(remenber &u:&C 0(D )1). Let [:k] be any sequence of 4 with :k  0 as
k  . Then there are a function u$ # C1(D(!)) and a subsequence of [:k],
denoted by the same label as :k , such that as k  ,
u:k  u$ in C
1(D(!)).
On the other hand for each j
inf
c
&R(c) u~ &u:k&L2(D(!) & Dj)  0 as k  .
Combining them yields
inf
c
&R(c) u~ &u$&L2(D(!) & Dj)=0
which implies
lim
k  
inf
c
&R(c) u~ &u:k&C 1(D(!) & Dj )=0.
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Since the first sequence [:k] was arbitrarily chosen, we obtain the second
convergence (ii). K
The next corollary immediately follows from Theorem 3.2 and Lemma 2.6.
Corollary 3.4. In addition to the assumptions of Theorem 3.2 suppose
that each 0(:) is a three or higher dimensional domain allowing only one
homotopy class in C0(0 ; S 1) (it is simply connected if n=3). Then the stable
solution u: constructed in the theorem has zeros. Moreover for each suf-
ficiently small :>0 there is an !=!(:) such that all the zeros are in 0(:)"
D(!(:)), where !(:)  0 as :  0.
Now we consider specific domains of R3 admitting stable solutions with
zeros. First consider a domain of Fig. 1(a). This is decomposed into a
doughnut domain D and a thin cylindrical part. It is obtained by rotating
a two-dimensional domain as observed in Fig. 3. Rotating 7 of the figure
corresponds to the subdomain D. If the channel in Fig. 3 is controlled by
a parameter :>0 to get very thin, then we can apply the corollary to this
case. Of course we can also apply the corollary to the case (b) in Fig. 1 in
an appropriate setting.
Next consider the domain of Fig. 2, which is homeomorphic to a solid
torus. This domain is decomposed into inner and outer big doughnut
domains D1 , D2 and a thin solid torus. This is also obtained by rotating
a 2-dimensional domain as in Fig. 4. The inner and outer doughnuts D1 ,
D2 are made by rotating 71 and 72 respectively. For large * we can con-
struct stable solutions, say 8(1) and 8(2) (without zeros) in D1 and D2
respectively. We denote by dj ({0) the winding number around zero in C
of the image of 8( j)|8( j)|. By virtue of Theorem 2.4 we can assume d1{d2 .
Let the channel in Fig. 4 be controlled to be thin with the parameter :.
Then Theorem 3.2 can apply to this domain and obtain a stable non-
constant solution 8: close to 8 ( j) in Dj ( j=1, 2). Moreover from the
Fig. 3. The cross section of the simply connected domain by the half plane [(x, z): x>0].
611STABLE SOLUTIONS WITH NEUMANN BOUNDARY CONDITION
File: 505J 311817 . By:SD . Date:24:06:96 . Time:08:11 LOP8M. V8.0. Page 01:01
Codes: 2450 Signs: 1764 . Length: 45 pic 0 pts, 190 mm
Fig. 4. The cross section of the non-trivial domain by the half plane [(x, z): x>0].
above condition on the winding numbers and a simple topological argu-
ment, we can see that the stable solution must have zeros.
Remark 3.5. Since the zero set of the stable solution in Corollary 3.4
has codimension one in the domain, for the above specific examples of R3
it has one-dimensional subset in the domain. In other words the set of
vortices generally consists of vortex filaments (possibly vortex lines) in
3-dimensional domains. The corollary says that the location of the zero set
is confined in 0(:)"D or its small neighborhood for sufficiently small : but
the precise location has not been specified yet. To study its location of
the zero set or the dynamics of it for the evolutionary GL equation is an
interesting problem in future.
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